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Limits on the Isolation of Stochastic Vibration
for Microgravity Space Experiments

C. R. Knospe* and P. E. Allairet
University of Virginia, Charlottesville, Virginia 22901

The limitations on the isolation of stochastic vibrations for microgravity space experiments are explored.
These limitations result from the restricted interior space available for vibration isolation. A one-degree-of
freedom representation of the experiment-spacecraft system is used, and an ideal vibration actuator is assumed.
A kinematic representation results, and the problem becomes one of finding the minimum acceleration trajec-
tory within a pair of stochastic walls. The wall motion is characterized by an ergodic, stationary, zero-mean,
Gaussian random process with known power spectral density. The geometry of the wall trajectories is defined
in terms of their significant extrema and zero crossings. This geometry is used in defining a composite trajectory
that has a mean square acceleration lower than that on the optimal path satisfying the stochastic wall inequality
constraints. The optimal control problem is solved on a return path yielding the mean square acceleration in
terms of the distributions of significant maxima and first-passage time of the wall process. The methodology is
applied to a microgravity isolation problem to find the lower bounds on root-mean-square acceleration given the

disturbance power spectral density.

Nomenclature
A = matrix in state dynamics
B = vector in state dynamics
C; = constants in optimal control
d = microscopic component of y(¢)
F = cumulative distribution function
f - = probability density function
G = final condition cost
G(s) = transfer function of shaping filter
H = Hamiltonian
J = cost function
L = maximum stroke of experiment
m_y = fourth moment of a sample of 7!
n = bandlimited white noise
S = power spectral density.
s = complex frequency variable
T = first-passage time
t = time
21 = time at significant maximum
t = time at zero crossing
u = experiment acceleration
x = state vector, = (x; x)T
X, X = experiment position
X5 = experiment velocity
y * =wall process
n = upper wall true position
Y2 = lower wall true position
Yup = upper wall constraint
Yiow = lower wall constraint
Ymax = maximum of wall process
¥, = macroscopic component at y(¢)
b3 = macroscopic component velocity
z = significant maximum position
6 = dirac delta function
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= Lagrange multiplier for dynamic equations
- = Lagrange multiplier for final condition
= expected frequency of upcrossings (cycles)
= expected frequency of maxima
= frequency, rad/s
\d = damped natural frequency, rad/s
= damping coefficient
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Subscripts
d = microscopic component

- f = final time

= at maximum

= normal

= bandlimited white noise

= first-passage time

= wall process

= mMacroscopic component

= significant maxima position
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Introduction

HE microgravity environment of space may permit

advances in material science experiments. Such experi-
ments could aid in the understanding of basic physical phe-
nomena, quantify the limitations and effects imposed by
gravity, and spur application to Earth and space based
processes and products. A microgravity environment could
potentially eliminate buoyancy-driven convection, sedimen-
tation, and hydrostatic pressure as well as yield other advan-
tages.!

At this time, the acceleration environment requirements for
various experiments are not well known.? An assessment of
existing theoretical and experimental data available up to 1985
indicated acceleration levels below 10-% g, would be required
for frequencies below 0.1 Hz for many of the processes. The
requirements at higher frequencies are somewhat lower.?
Work to determine the levels necessary is in progress by
various materials experiment researchers. An example is a
twin crystal growth experiment to be carried out on space-
craft.*

An essential part of the development of a microgravity
experiment program is the characterization of the low
acceleration environment aboard spacecraft. NASA has
carried out a series of measurements reported at various



230

Table 1 Microgravity space experiment acceleration environment’

8/80 F, Hz Source
Quasisteady or ‘‘dc’’ acceleration disturbances

10-7 0to10-3 Aerodynamic drag

10-8 0to 10-3 Light pressure

10-7 0to 10-3 Gravity gradient
Period acceleration disturbances >

2x10-2 9 Thruster fire (orbital)

2x 103 5-20 Crew motion

2x10-4 17 Ku band antenna

Nonperiodic acceleration disturbances
104 1 Thruster fire (attitude)
10-4 1 Crew push off

conferences.>® A summary of this data was presented in Ref. 7
and is repeated in Table 1. Additional results have been re-
ported in Refs. 8 and 9.

The vibration levels reported in the above literature for
spacecraft are significantly greater than allowable for material
science experiments. In order to achieve accurate and repro-
ducible results in such experiments, vibration isolation will be
required.? Acceleration disturbances in the orbiter environ-
ment cover a wide frequency bandwidth, from 0 to 100 Hz.
Sources include spacecraft drag, light pressure oscillations,
manned activity, and thruster fire. The frequency and
amplitudes of these accelerations are summarized in Table 1.

The frequency and amplitude of any particular vibration
source determines the level of isolation that can be achieved.
At relatively high frequencies, above approximately 10 Hz,
passive vibration isolation is normally possible. Two examples
of such isolation systems are reported in Refs. 10 and 11. For
lower frequencies, active vibration isolation is necessary. One
of the few such systems is examined in Ref. 12.

A fundamental restriction on active microgravity vibration
isolation systems is the limited available volume aboard space-
crafts for experiments. This kinematic constraint cannot be
overcome through improvement of the vibration isolation
control system, sensors, or actuator. The purpose of this
paper is to explore the limitations on vibration isolation sys-
tems arising from the stroke restriction. Thus an ideal vibra-
tion actuator is assumed, and the problem is solved in part by
optimal control theory. This work is an extension of research
on isolation limits under sinusoidal excitation.'* In this paper,
the excitation is a wideband, zero-mean stochastic process. A
lower bound on the root-mean-square acceleration is deter-
mined in terms of the maximum stroke.

Optimal Control Formulation

While the isolation problem for microgravity space experi-
ments is multidimensional, this analysis examines the one-di-
mensional case. Consider the system illustrated in Fig. 1 with
experiment position x(¢) and wall positions y,(¢) and y,(¢).
The experiment is connected to the spacecraft by umbilicals,
such as power or fluid lines, and by a vibration isolation
actuator., Although the spacecraft has a finite mass, it may be
considered to have infinite impedance for this analysis since
the spacecraft-to-experiment weight ratio is very large. The
spacecraft acts as an external base motion transmitting forces
through the umbilical and the actuator.

An ideal actuator is assumed. Therefore, the acceleration of
the experiment is the minimum acceleration possible given that
the experiment stay between the two walls. The effects of the
power/data/cooling umbilicals represented in Fig. 1 are re-
moved through the ideal actuator. Thus, the problem is re-
duced to a kinematic representation. The vibration isolation
problem becomes an optimal control problem: find the opti-
mal trajectory (minimum acceleration) given the constraint
conditions (moving walls). This problem formulation was
used previously by the authors to find the limitations on
isolation for harmonic disturbances.!?
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Fig. 1 One-degree-of-freedom isolation problem.

Yyp = ¥(B) + L2

POSITION

Yiow =3(t) - L/2

_TIME
Fig. 2 Optimal path through stochastic walls.

Significant Extrema

The kinematic formulation allows the stochastic problem to
be easily conceived. Figure 2 illustrates. An optimal trajectory
x(t) is sought between two walls whose motion is described by
a single zero-mean stochastic process y(¢),

yup=y(t)+L/2
Yow=y@)—L/2

where L is the maximum stroke of the experiment between the
two walls. i

Let the experiment acceleration be denoted as u(u = X).
Then the cost function J to be minimized is

J=S u? dt )
0

with the constraint

y(t)—I—;Sx(t)sy(t)+%, 0=t )

for a given wall centerline motion y(¢). The optimal trajectory
will be in general smooth with as few extrema as possible. The
trajectory will also cover as little distance as possible. As pre-
viously reported in Ref. 13, with a sinusoidal disturbance, the
optimal trajectory tangents the maxima of the lower wall and
the minima of the upper wall when the amplitude of y(¢) is
greater than L /2. Given these tangencies, it is an easy task to
compute the minimum acceleration path connecting them. Al-
though this path may intersect a wall’s path, as was reported
in Ref. 13, this ““cheating’’ results in less than a 1% reduction
in root-mean-square from the true optimal path. By dropping
the inequality constraints from the optimal control problem
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and replacing them with the tangency conditions at the wall’s
extrema, a tight lower bound on the minimum root-mean-
square acceleration is obtained. This is the approach taken
here with the stochastic problem. For this analysis, the wall
process y(¢) and its derivatives are assumed to be stationary,
zero-mean, Gaussian random processes.

Once again, the wall inequality constraints are ignored and
are replaced with interior point equality conditions. A
tangency condition is assumed at some of the walls’ extrema
and the trajectory is required to cross zero at the same time as
y(¢). This last requirement is made to ensure a tight lower
bound. Note that a zero crossing of x(¢) must occur at or
before y() leaves the = L/2 interval. However, for most
random processes y(f), the additional requirement of
simultaneous zero crossing results in a realistic and tighter
lower bound. The upper wall is ignored as a constraint when
y(t) > 0 as the lower wall is when y(¢) <0. Thus, only upper
wall minima when y(¢) < 0 and lower wall maxima when y(¢)
>0 are eligible tangency condition points. Figure 3 illustrates
this geometry and a composite path connecting the prescribed
interior points. The optimal composite trajectory satisfying
these interior point equality constraints will have a.root-
mean-square acceleration lower than that of the optimal
trajectory satisfying the original inequality constraints under
almost all conditions. Note that the composite trajectory is not
required to have first derivative continuity at the interior zero
crossing points. (It will, of course, have a continuous first
derivative at the extrema tangent points.) It should be pointed
out that the composite trajectory is not intended to be an
implementable optimal control path; the trajectory is a
theoretical tool to investigate the limitations on vibration
isolation.

Not all eligible lower wall maxima and upper wall minima
will be tangented by the optimal composite trajectory. In
Fig. 4, note that if |y (¢)I <L /2, as shown on the left side of
the figure, the optimal path is x(¢) = 0. However, if the
eligible extremum crosses zero (i.e., if |y (¢)| >L/2) as on the
right side, the optimal composite path must depart from
x(¢) = 0 to avoid collision with the wall.

Because of the wideband character of the stochastic wall
acceleration, many extrema tend to be clustered at every peak
of y(¢). The composite trajectory will only tangent one of
these extrema aiid that only if 1y(¢)1 > L /2. The effort here is
to distinguish the extrema which the composite trajectory
needs to include (in order to be a useful lower bound) from the
bulk of immaterial extrema.

A wall extremum in a time interval that requires an increase
in the cost function during the interval is classified here as a
significant extremum. (This is, admittedly, not a rigorous
definition; however it satisfies the purpose of this investi-
gation.) The optimal composite path, therefore, runs between

Yyp =¥(8) +L/2

composite
trajectory

POSITION

O tangency equality
[ zero ¢rossing equality

TIME

Fig. 3 Stochastic walls, interior point equality conditions, and com-
posite trajectory. )
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significant extrema and y = 0. The composite path is a com-
bination of paths of the experiment at rest, departing to an
extremum, and returning from an extremum as indicated in
Fig. 4. Each of these cases can be analyzed in terms of a return
path. [Departing paths are kinematically the same as returning
paths since the random processes y(f) and j(¢) are inde-
pendent since they are Gaussian. A rest path is equivalent to.a
return path when |y(¢)| <L /2.] By finding the expected value
of the mean square acceleration on a return path, the mean
square acceleration of the composite path is determined, and
a lower bound is set on the optimal trajectory mean square
acceleration. Thus, a lower bound is found by characterizing
the distribution of the significant extrema in time and
position.

Solution in Terms of the Significant Extrema

The return path and its mean square acceleration given a
significant extremum is now found. Examine the time history
shown in Fig. 5. The optimal path during the interval (#,z,)
satisfying the wall inequality constraints over a much larger
interval -has, in general, a root-mean-square acceleration
bounded below by the root-mean-square dcceleration on the
return path connecting points 1 and 2. [This will be triie for all
but wideband y(#) processes with large maximum stroke, L.
Note that j(¢) can be wideband with y(¢) not.] The boundary
constraints at these two points for the return path are

x(t) =z x(t) =0
X(t)=0 X(ty) = free 3)
where 7 = Yy — L/2.
& e e g

¥t) + 172
; _ L/2
il - \
§ — S . \..
o~ - IA
vty = L/2 .

O significant extremum
--=« COmpOsite trajectory

8  zero crossing

TIME
Fig. 4 Significant extrema and composite trajectory.

POSITION

TIME
Fig. 5 Significant maximum, return path, and boundary conditions.
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The velocity boundary condition at time ¢, is left free since frequency!’
this condition depends on the next significant extremum, the -
location of which cannot be readily derived even in a prob- oy 2 .
abilistic sense. Therefore, the velocity at time ¢, is unspecified EG) =oy= o Sy(@) de ®)
so that the return path root-mean-square acceleration willbe a
lower bound on the minimum acceleration. The optimal con- (simply the area underneath the power spectral density curve).
trol problem is thus reduced to that over the time ¢, to ¢, with The mean square of the velocity and position processes are
cost function
® S A
b v E(?) =0}= X -—y(T) dw ®
J= u?de 0] - W@
f
S ) ® S(w)
and the boundary conditions of Eq. (3). E(y) =0l = + do 10)
This problem is solved by the calculus of variations e @

(Appendix A) yielding the optimal trajectory.!4
The mean-square acceleration on this trajectory is . . .
- For a Gaussian process, the density of upcrossings of y =0 for

f 322 the y(¢) process!>18.is
MS(¥) = [ j u? dt] =— (&) _ 9%
T le-n), T 5= e an

where T = (,—t,), the time from significant extrema to zero . : :
crossing, or the first-passage time. This is the lower bound . and the density of maxima of y(7) is
sought. Assuming that the wall process y () is ergodic, the o
minimum mean square experiment acceleration attainable : wy =7 < (12)
with an ideal isolator must be greater than the mean-square (s

acceleration of the composi aj . L :
composite trajectory, Rice!® and Houston and Skopinski?® have shown that the

372 probability density function for the distribution of the
T maxima of a stationary Gaussian random process is dependent
only on the ratio p,/», and the standard deviation of the

where E{ - } is the exact value operator!® _ brocess gy
. , y/a,
322) [* [~ 322 Frma 070) = (1 —vz/uZ)/sz[——lz]
E EF} = j j i for @0) dz dT 6) = Y (A~ v}/ u3)”
w¥y (Y P Y
Here, f,r(-,-) is the joint probability density function on the +@m) ( )f N Fn| = /R — 1% a3
s . . S . Ky \0y Oy (uy/vy—1)
significant maxima z, and the time from significant maxima to
zero crossing 7. (The significant extrema problem can be :
solved for in terms of significant maxima because of the where fy and Fy are the normal probability density function
symmetry of the problem.) Equation (6) can be rewritten ~ _  and its integral
32 (", 1 : Inlx) = @m)~Ye -6/
Eqej=), ¥ L@ E 1lzg d ) .
Fy(x) = ,‘ Sfa) da (14)
where E {(1/T%z} is the conditional fourth moment of 7-1, T

and f,(-) is the probability density function of the significant -

J (Lin®! has an interesting discussion on this maxima distri-
maxima.

bution.)
The ratio u,/», can be regarded as the average number of
Distribution of Significant Maxima maxima between upcrossings for the y(¢) process.’® Prob-
Consider the stationary, zero-mean, Gaussian random abil?ty density fu'nctions for the distribution of maxitpa of a
process describing the wall’s acceleration y(¢). This process stationary Gaussian random process are shown for different
can be characterized by its power spectral density S;(w).!¢ The. values of this ratio in Fig. 6. ) o
mean square of the wall acceleration is the integral of this over A random wall process typical of the microgravity vibration

environment will have many maxima per zero crossing
(#y/v, > 1 ). Most of these maxima are clustered near the
peaks of the process and can be considered the high frequency
component.'® Figure 7 illustrates. The random process y(@®,
as was shown by Crandall,'® can be decomposed into the sums
of a macroscopic component 7(¢) and a microscopic com-
ponent d(¢)

(@) =y + dt s)

The macroscopic component has a much smaller root mean
square o, and greater frequency of zero crossing », than the
macroscopic signal (g3, »;). The macroscopic component will
have nearly the same amplitude as the original signal. The
distribution of maxima given in Eq. (13) is the distribution of
Fig. 6 Probability density function for the distribution of maxima of both the micromaxima and macromaxima. Clearly, the
a stationary Gaussian process. micromaxima do not contribute (substantially) to the cost
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function; therefore, they are, by definition, not significant
maxima.

The distribution of significant maxima is therefore derived
from the distribution of macromaxima, the maxima of the y(¢)
process, . R

- %3 Yoy
Frmey 0/ 09) = (1= A/u)Af [W}

w22 zF[ y/ o
+ @) #y<<7y> Nl:dy:l WA 1"

To obtain the density function for the distribution of
significant maxima from the distribution of macromaxima it is
only necessary to recall Eq. (3) with yp,, replacing ypax

(16)

Pmax—L 72 Pmax>L/2

z= an
0 Imax<L/2

find the cumulative distribution on z in terms of the cumu-
lative distribution on pyax

Fy_ (+L/2) z>0

F(z) = (18)
0 z<0

and to differentiate with respect to z!°

Fymax & /Z)B(Z) +fymax(z + L/2) z>0

f(2) = a9
0 z<0

where 8(-) is the dirac delta function. Note that the portion of
the Pma, distribution between — oo and L /2 maps into a dirac
delta at z = 0. The integration of this part of f;(z) in Eq. (7)
will be zero

S 322 F, . (L/2) 0@z) E {%lz} dz =0 (20)
0

The nonsignificant maxima, therefore, do not increase the
expected mean square. (Note that E {(1/T*)1z = 0} is finite
since T is defined as the time for the y(¢) process toreach y = 0
starting from rest at Y. When z = 0, Y. = L/2; therefore,
T is greater than zero.) v

The tightness of the lower bound on experiment mean
square acceleration given in Eq. (7) depends on the accuracy

MICROMAXIMA
“ ¥

POSITION

TIME
Fig. 7 Macroscopic maxima and microscopic maxima.
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of the geometric configuration, Fig. 5, in representing typical
wall position histories. The decomposition, or smoothing, of
the y(f) process yields a macroscopic random process y(¢)
upon which to base the lower bound. If the random process
¥(¢) has close to one maxima per upcrossing on average (it
must have at least one since it is continuous), the typical
geometric configuration will resemble Fig. 5. Thus, for a
narrowband random process j(¢), the bound will be very tight.
(In the limit this approaches a sinusoid with slowly changing
random amplitude and phase??; the resulting bound would be
only a few percent low.) For a wideband macroscopic process
the bound will be considerably looser but non-trivial. It is
therefore desirable that the decomposition produce a macro-
scopic process with an average number of maxima per up-
crossing (uy/v;) close to one. The smoothed process y(f)
should also have nearly the same variance as the original signal
3(¢). A method for the decomposition of y(¢) and d(¢) will be
discussed later with the application. '

First-Passage Problem

An expression for E {(1/T*)1z} can be found explicitly if
the conditional probability density function fr(T1z) is

- known?®

E((1/TYIz} = j %fT(TIz) dr 1)
0

The distribution of the first passage time of a stochastic
process T is a classical problem probability that has been
tackled with limited success by many authors.?>-25> No exact
theoretical solution exists. Many approximate methods have
been used including series solution,? Poison approximation,?
numerical probability diffusion, and Monte Carlo tech-
niques.? The particular variant of the first-passage problem
of interest here is nonstationary due to its initial conditions

j}(tl) = Pmax
() =0 o 22)

and can be expected to have a crossing in the near future since
J(t) is zero mean (This, in contrast to the first passage of a
level y = a > o5, which will occur extremely infrequently.) The
nonstationary, quick-crossing nature of this problem suggests
Monte Carlo simulation as the preferred method of solution.
It is not necessary to generate the conditional probability
density function of T in this manner; only the E {(1/7%)Iz} is
needed.

To perform the simulation, a forced differential equation
with the proper probabilistic characteristics must be found.
More specifically, the wall acceleration in the simulation
should have a power spectral density that matches that of the
acceleration disturbance found aboard the spacecraft in the
region where the experiment is to be located. Given a mea-
sured power spectral density, the dynamic model, or shaping
filter, that transforms Gaussian white noise to the desired
random process can be found by spectral factor-
ization.!”-26 This dynamic model can then be used in Monte
Carlo simulation (Appendix B).

Application to Microgravity Vibration Isolation

The method described above is now applied to the
microgravity problem. As described in Ref. 7, vibration
aboard spacecraft is essentially of two frequency regions:
0-10-3 Hz and above 1 Hz. Consequently, the power spectral
density for analysis here is modeled independently in these two
regions. The low frequency portion was not obtained from an
experimental power spectral density since such information is
unavailable. This part of the spectral density, illustrated in
Fig. 8, has therefore been devised for the purpose of this
example to fit the known environmental disturbances in this
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frequenéy range. The spectral density of the analytical model

75.75 o*

J. SPACECRAFT

and by Eqgs. (11) and (/1'2)
v, = 0.18836582 x ~3 upcrossings/s
py = 0.13153971 x 10! maxima/s
gy /vy = 6983.2 maxima/upcrossing 25)

Clearly there are many micromaxima per peak of the macro-
scopic process. The two distinct regions of the power spectral
density permit an easy decomposition of the wall processes
y(t), ¥(), and #(¢) into macroscopic (low frequency) and
microscopic (high frequency) components. For a problem with
a continuous power spectral density, a smoothing filter as
examined by Crandall'® may be used for the decomposition.

The decomposition of the Gaussian signal yields two inde-
pendent random processes?!

Ep@®dn) =0 oi=ol+0l
E@® dny=0 o} = a% +0? 26)
with

05 =0.16503623 x 10! m o, = 0.63558716 X 10~* m

o5 = 0.19030049 x 10“2 m/s oy;=0.44024768 x 1072 m/s

o5 = 0.25429066 X 1075 m/s? g3 =0.16143511 X 10~ ! m/s>
@7

The resulting upcrossing and maxima frequencies are
vy = 0.18351888 x 10-3 vy = 0.11024073 x 10!
py = 0.21267216 X 1073~ py; = 0.58360775 x 10!

ps/vy = 0.11588571 X 10  pg/vy =5.2939393  (28)

0 < w=0.006283

(w/0.00116)* — 1.99 («/0.00116)> + 1

Sp(?) =
0

has most of its power concentrated near orbital frequency
(1.851 x 10~ Hz, 90 min orbit) with a power corresponding
to a root-mean-square acceleration of approximately 0.2 ug.
It should be pointed out that the accuracy of the lower bounds
generated by this method depends heavily upon the model
used in this region.

The high frequency region of the power spectral density,
shown in Fig. 9, is from experiments aboard Spacelab.?* An
analytical model could easily be fitted to the curve shown;
however, this is not necessary for this application. Note that
the method of analysis described previously does not require
that disturbance spectral density occupy two separate regions
as in this case.

The mean square wall process acceleration, velocity, and
position can be found by evaluating Eqs. (8-10) respectively.
This may be done through numerical quadrature yielding,

oy = 0.016143511 m/s?
g, = 0.0019532654 m/s

o, = 1.6503623 m Q4) ~

(23)
0.006283 < w<3.14159

Therefore, the smoothed wall process has an average of
1.158857 maxima per upcrossing (or cycle). Since this is close

" to one, the wall process geometry closely resembles Fig. 5 and

the Jower bound will be tight. Further note that

oy/0, = 1.0 vy/v, = 0.97426848 (29

Thus, the smoothed process retains nearly all of the signal’s
amplitude and has on average fewer cycles per unit time. The
apparent drop in ‘‘frequency’ is due to wall process
smoothing removing spurious microcycles. Therefore, the
decomposition does not alter the original signal’s significant
maxima amplitude-time characteristics. Finally, unless the
maximum stroke is of the same magnitude as the microscopic
component, the smoothed wall acceleration J(¢) establishes an
upper bound oy on the minimum root-mean-square experi-
ment acceleration.

With the significant maxima distribution found, attention is
now turned to finding the needed first-passage time moment. -
The low frequency part of the power spectral density,
Eq. (23), is converted to an equivalent dynamical system via
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spectral factorization yielding the shaping filter

8.64581

G =
(5 (s/0.00116)? + 0.1(s/0.001160) + 1

(30

with a bandlimited white noise excitation n(¢) described by

1 0 < w =< 0.006283

Sn(w) = G

0 0.006283 <w

Converting Eq. (30) into two first order differential equations
produces

V= (32a)

Vo= —1.3456 X 10~ %9, — 1.16 X 10~ *p,

+1.16338x 10-% n (32b)
with initial conditions from Eqs. (15) and (22)
O =y,=z+L/2

7:10) =0 33)

The bandlimited white noise process n(t) is approximated
by the sum of a large number of sinusoids at nearly evenly
spaced frequencies between zero and the cutoff frequency via
the method advocated by Shinozuka and Jan.?” The phases are
random while the amplitudes are determined by.the power
spectral density desired. As the number of sinusoids is
increased, the approximated signal approaches n(z). It was
determined through testing that 40 was a sufficient number of
sinusoids for this example.

The differential equations of Eq. (32) are numerically
integrated from the initial conditions until the first crossing. If
the process rises above the initial position y;,, the simulation is
stopped and restarted from the initial condition again. This
insures that the crossing time obtained is the first-passage time
from the maxima. The first-passage time of each simulation is
recorded, and the fourth moment of T~ ! is calculated from
the collection of k first-passage times

1 k
m_ ) =7 .‘_"JITF“ (34) -

For an ergodic process,'s as the sample size k grows, this
statistic approaches E{T ~*Iy,,}. The statistic m_4(y) is
found for a range of y,, values. The results of the simulations
for the example are shown in F1g 10. Note that the data are
asymptotic to

— 41 __52 4
wg/ tan~! _—E— =0.26105 x 10-12g-4

as 91, approaches infinity where wy is the damped natural
frequency of Eq. (32). This is because the noise is essentially
negligible when the system s energy is very high. Once the
maximum stroke L is specified, the E{7T 4! ¥1,} vields the
E{T~-4%iz}. The data points are cubic spline mterpolated to
provide an approximation of the function E(7 ~*lz) suitable
for numerical integration.

The experiment acceleration mean square lower bound
sought can now be calculated from the significant maximum
probability density and the -conditional moment on the

first-passage time by numerical quadrature of Eq. (7) using .

Eqgs. (16), (19), and (28) along with the interpolation of the
inverse moment data. This is done for varying values of
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Fig. 11 Lower bound on root-mean-square experiment acceleration

"~ under prolonged exposure to specified vibration environment.

maximum stroke. The lower bound on minimum root-mean-
squareexperiment acceleratlon that can be obtained under
prolonged exposure to the example vibration environment
given the stroke constraint is thus computed and is plotted in
Fig. 11 vs maximum stroke. For example, with a maximum
stroke of 1 m, according to the figure the root-mean-square
acceleration of an experiment must be greater than 0.17 ug,
whereas if a 2-m stroke is permitted, this can be reduced to
0.13 ug. Note that the lower bound is non-zero for finite
maximum stroke. This is in contrast to the previously reported
results for harmonic disturbances where the maximum accel-
eration was zero when the maximum stroke was greater than —
twice the harmonic amplitude.

Conclusions

In this paper, the microgravity vibration isolation problem
was formulated as a one-dimensional kinematic problem. The
geometry of the stochastic wall trajectories was defined in
terms of their significant extrema. An optimal control solution
for the minimum acceleration return path determined a lower
bound on experiment mean-square acceleration. This bound _
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was expressed in terms of the probability density function on
the significant maxima and the conditional fourth moment of
the first passage time inverse. For an example given, the first
of these was found analytically while the second was found via
Monte Carlo simulation. The experiment root-mean-square
acceleration lower bound as a function of available space was
then determined through numerical quadrature.

The method of analysis is quite general and intuitive. The
authors feel that this could be applied to other problems with
stochastic constraints. While such an analysis does not yield a
controller, it does aid in the selection of system parameters
(for example, the maximum stroke).

Lower bound plots of the type developed here may assist
microgravity experiment designers as well as vibration
isolation engineers. The lower bound depicted in plots of this
type could not be achieved by real systems for several reasons.
The levels derived are beneath the theoretical minimums. In
addition, a real system is causal and cannot base its current

_control on unknown future disturbances. Also, any real active
control system will have some non-ideal characteristics. The
sensors employed to provide feedback will have some error as
well. In spite of these comments, the authors of this paper are
optimistic about attaining microgravity isolation levels close
to the levels depicted here with an active vibration isolation
system.

Appendix A: Solution for Optimal Trajectory

The - derivation of the optimal trajectory proceeds as
follows. Define the system state variables as

X1 =X X1 =X, X=u (Al)

and the equations of motion become

X=Ax + Bu
’ 01
xT =[x x] A= [0 0] =[{0 1] (A2)

The cost function is adjoined by the equations of motion and
the final condition, utilizing three Lagrange multipliers.'* The
result is
2
J= ¢x1f = j [uz + )\1(X2 - x1) + )\2(1»{*)(2)] dr (A3)

5}

which is the general functional for this problem. Define the -

Hamiltonian and final condition cost! as

H=u?+ N\xy + MU G = ¢x, (Ad)

Employing the calculus of variations, the minimization equa—
tions are

0H . oH dH

ME—=0 NA=-—=-A O0=—=2u+ N\ (A5
Y=o 2 o 1 P ) (A5)

with natural boundary conditions
AN, =Gy, =0, N, =Gy, =0 (A6)

f *1p “f *2r

Solving this gives

A = Co, M= —Cot + C, u="Y Cot— Y2 Cy (A7)

Imposing the prescribed and natural boundary conditions
yields

6z 6zt
Co=—3 > C =—2 (A8)

J. SPACECRAFT
and
u(t)= %za_ t—% bt
sy = 28 p B, O 2
x(t) = (1/2)z P (3/2)zt2 o (3/2)z(t2 - 24,1) ,

73 T

— 61,12 + 3ttty
T3

3
L 4/2zes 9)

where T = (¢, — t,), the time from significant extrema to zero
crossing, or the first-passage time.

Appendix B: Shaping Filter for Simulation
The power spectral density is first approximated by a
rational polynomial in «?. (This can be done to any required
accuracy for a given power spectral density by using higher
order polynomials.) This representation of the true power
spectral density is then factored into two terms

S3(e?) = G(jw)G( - jw) (B1)

" The first term G (jw) has all its poles and zeroes in the left half

plane, whereas the poles and zeroes of the second term,
G(— jw), are the mirror images in the right half plane
Replacing jw in G(jw) with the complex frequency variable s
yields the transfer function that produces a Gaus-
sian random process with power spectral density S(w) from
Gaussian white noise input:

hite noise ¥
white n G y(s)

It is a straightforward process to convert the transfer function,
or shaping filter, with » poles and m zeroes to n + m first
order linear differential equations with white noise input via
the inverse Laplace transform and algebraic manipulation.!’26
(Note that the derivative of white noise is nonexistent.) For
most applications only the model of the low frequency
component y(¢) as a set of differential equations is needed to
generatethe E{(1/T%1z}.
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